ALGEBRA 1 SKILL BUILDERS

(Extra Practice)
Introduction to Students and Their Teachers

Learning is an individual endeavor. Some ideas come easily; others take time--sometimes lots of time-
-to grasp. In addition, individual students learn the same idea in different ways and at different rates.
The authors of this textbook designed the classroom lessons and homework to give students time--
often weeks and months--to practice an idea and to use it in various settings. This section of the
textbook offers students a brief review of 27 topics followed by additional practice with answers. Not
all students will need extra practice. Some will need to do a few topics, while others will need to do
many of the sections to help develop their understanding of the ideas. This section of the text may also
be useful to prepare for tests, especially final examinations.

How these problems are used will be up to your teacher, your parents, and yourself. In classes where
a topic needs additional work by most students, your teacher may assign work from one of the skill
builders that follow. In most cases, though, the authors expect that these resources will be used by
individual students who need to do more than the textbook offers to learn an idea. This will mean that
you are going to need to do some extra work outside of class. In the case where additional practice is
necessary for you individually or for a few students in your class, you should not expect your teacher
to spend time in class going over the solutions to the skill builder problems. After reading the
examples and trying the problems, if you still are not successful, talk to your teacher about getting a
tutor or extra help outside of class time.

Warning! Looking is not the same as doing. You will never become good at any sport just by
watching it. In the same way, reading through the worked out examples and understanding the steps
are not the same as being able to do the problems yourself. An athlete only gets good with practice.
The same is true of developing your algebra skills. How many of the extra practice problems do you
need to try? That is really up to you. Remember that your goal is to be able to do problems of the
type you are practicing on your own, confidently and accurately.

Another source for help with the topics in this course is the Parent's Guide with Review to Math 1
(Algebra 1). Information about ordering this resource can be found inside the front page of

the student text. It is also available free on the Internet at www.cpm.org. Homework help is provided
by www.hotmath.org.

Skill Builder Topics

1. Arithmetic operations with numbers 15. Zero Product Property and quadratics
2. Combining like terms 16. Pythagorean Theorem
3. Order of operations 17. Solving equations containing algebraic fractions
4. Distributive Property 18. Laws of exponents
5. Substitution and evaluation 19. Simplifying radicals
6. Tables, equations, and graphs 20. The quadratic formula
7. Solving linear equations 21. Simplifying rational expressions
8. Writing equations 22. Multiplication and division of rational expressions
9. Solving proportions 23. Absolute value equations
10. Ratio applications 24. Intersection of lines: elimination method
11. Intersection of lines: substitution method 25. Solving inequalities
12. Multiplying polynomials 26. Addition and subtraction of rational expressions
13. Writing and graphing linear equations 27. Solving mixed equations and inequalities
14. Factoring polynomials



ARITHMETIC OPERATIONS WITH NUMBERS #l

Adding integers: If the signs are the same, add the numbers and keep the same sign. If the
signs are different, ignore the signs (that is, use the absolute value of each number) and find the
difference of the two numbers. The sign of the answer is determined by the number farthest from
zero, that is, the number with the greater absolute value.
same signs different signs

a) 243=5 or 3+42=5 c) -2+3=1or 3+(-2)=1

b) 2+(-3)=-5 or -3+(2)=-5 d) -3+2=-1 or 2+(=3)=-1
Subtracting integers: To find the difference of two values, change the subtraction sign to
addition, change the sign of the number being subtracted, then follow the rules for addition.

a) 2-3 = 2+(-3)=-1 ¢c) -2-3 = -2+(-3)=-5

b) -2-(-3) = -2+(+3)=1 d 2-(3) = 2+(+3)=5

Multiplying and dividing integers: If the signs are the same, the product will be positive. If
the signs are different, the product will be negative.

Q) 2:3=6 or 3-2=6 b) —2-(=3)=6 or (+2)-(+3) =6

) 2+3=2or3+2=13 ) (-2)+(B) =2 or (3)+(-2)=3
&) (=2):3=-6 or 3:(-2)=-6 f) (-2)+3-= -% or 3+(=2) = -%
g 9-(-7)=-63 or -7-9 = 63 h) -63+9=-7 or 9 +(-63) = —%

Follow the same rules for fractions and decimals.

Remember to apply the correct order of operations when you are working with more than one
operation.

Simplify the following expressions using integer operations WITHOUT USING A CALCULATOR.

1. 5+2 2. 5+(-2) 3. 542 4. -5+(-2)
5. 5-2 6. 5-(-2) 7. -5-2 8. -5-(-2)
9. 5-2 10. -5-(-2) 11. -5-2 12. 2-(-5)

13. 5+2 14. -5+ (-2) 15. 5+ (=2) 16. -5+2

17. 17 + 14 18. 37 + (-16) 19. -64 +42 20. -29 + (-18)
21. 55- 46 22. 37 -(-13) 23. —42 - 56 24. =37 - (-15)
25. 16-32 26. -42-(-12) 27. -14-4 28. 53-(-10)

29. 42+ 6 30. -72 +(=12) 31. 34 +(=2) 32. -60 + 15



Simplify the following expressions without a calculator. Rational numbers (fractions or decimals)
follow the same rules as integers.

33. (16 + (-12))3 34. (=63 +7) +(=3) 35.

36. 2- % 37. (-3+14)2 38

30. %(_54_(_7))_(_3_,_2) 40. -(0.5+0.2)-(6+(-0.3)) 41.
313

42. 33+ (-3)+11 43. -3+13 44.

45. 2(-3-%) 46. (-4 +3)(2-3) 47

48. (0.8 +(-5.2)) - 0.3(-0.5+4)

Answers

1. 7 2. 3 3. 3

5. 3 6. 7 7. -7

9. 10 10. 10 11. -10

13. %or2%or 2.5 14. %or2%or 2.5 15. —%or—Z%or—ZS

17. 31 18. 21 19. -22

21. 9 22. 50 23. -98

25. 512 26. 504 27. -56

29. 7 30. 6 31. -17

33. 12 34, -12 35. &

37. -4 38. -35 39. -5

41. -28 42. 0 43. %

45. 2 46. -6 47. 13

- (- (2)(=-3+(-2))

THIN

=2(-57+71)

6
T

L =33 -2 = (3+(-3)

20.
24.
28.
32.

36.

40.

44,

48.

5

. -5 or—2% or-2.5

47



COMBINING LIKE TERMS #2

Like terms are algebraic expressions with the same variables and the same exponents for each
variable. Like terms may be combined by performing addition and/or subtraction of the
coefficients of the terms. Combining like terms using algebra tiles is shown on page 42 of the
textbook. Review problem SQ-67 now.

Example 1
(3x2 —4x + 3) + (—x2 - 3x — 7) means combine 3x% — 4x + 3 with-x% - 3x — 7.

1. To combine horizontally, reorder the six terms so that you can add the ones that are the same:
3x? - x? = 2x* and -4x - 3x = -7x and 3 -7 =-4. The sum is 2x* - 7x - 4.

2. Combining vertically:
3x2 - 4x +3
-x2-3x-7
2x% = 7x - 4 is the sum.
Example 2
Combine (x* +3x - 2) - 2x2 +3x - 1).

First apply the negative sign to each term in the second set of parentheses by distributing (that is,
multiplying) the -1 to all three terms.

—2x43x =D = (D)(2x2)+ (-D)Bx) + (-1)(-1) = -2x* -3x+1
Next, combine the terms. A complete presentation of the problem and its solution is:

(x2 +3x-2)-(2x2 +3x-1) = x> +3x-2-2x2-3x+1

= —x2+0x—l = —x2—1.



Combine like terms for each expression below.

1.

3.

11.

13.

15.

17.

19.

(x> +3x +4) + (x> + 4x + 3)

(x% +2x + 3) + (x% + 4%)

(2x> = x+3) + (x> +3x-4)

(-4x% - 4x - 3) + (2x? = 5x + 6)

(9% +3x = 7) = (5x% + 2x + 3)

(3x%2 +x +2) - (4x> +3x = 1)

(-x> =3x=6) = (7x> = 4x + 7)

(4x%2 +x) = (6x2 = x +2)
(By? +x —4) + (-x> +x = 3)

(x> +y? —y) - (y* +x)

Answers

1.

4.

7.

10.

13.

16.

19.

2x2 +7x+ 7
3x2 +3x + 16
-2x2 -9x +3
2x% +2x +1
8x% +x-13

-5x% +3x + 10

x3—y—x

11.

14.

17.

20.

2. (2x>+x+3)+ (x> +2x+7)

4. (x+7) +(Bx>+2x +9)

6. (=x>+2x -3)+(2x> =3x +1)

8. (3x2 —6x+7)+(=3x>+4x-17)

10. (3x2 +4x +2) = (x* +2x + 1)

12. (4x% =2x+7) = (=5x% + 4x -8)

14. (-3x> =x+6) - (-2x> = x-17)

16. (=3x +9) —(5x> = 6x = 1)

18. (5y2 +3x2 +x —y) = (-2y* +y)

20. (=3x> +2x% +x)+(-x> +y)

7x% +3x + 10

3x2 +2x -1

-2X

7x%2 —2x+3

—x2+13

3y2—X2+2x—7

-3x3 + x

2

+X+y

12.

15.

18.

2x% + 6x+3
X2 -x =2
4x% +x - 10
9x% - 6x +15
—2x% +2x -2

7y2+3x2+x—2y



ORDER OF OPERATIONS

The order of operations establishes the necessary rules so that expressions are evaluated in a
consistent way by everyone. The rules, in order, are:

#3

* When grouping symbols such as parentheses are present, do the operations within them first.

 Next, perform all operations with exponents.

* Then do multiplication and division in order from left to right.

* Finally, do addition and subtraction in order from left to right.

Example

Simplify the numerical expression at right:

Start by simplifying the parentheses:

Then perform the exponent operation:
Next, multiply and divide left to right:
Finally, add and subtract left to right:

3-4=-]

Simplify the following numerical expressions.

1. 29+16+8-25
4. %w-zf-43
7. 6% +4-8

10. 20 - (3% +9)-2

13. 85— (4-2)% -3

Answers
1. 79 2
6. -1 7

2. 36+16-50+25
5. 32(1+5)+8-3?]
8. 18-3+33

11. 100 - 23 - 6) +2

9-1

3(1+2)° =3@3)°

8-2
14.12+3“24)—2(

1
3. 3
8. 2
13. 18

19-15

22 = 4and 33 =27
12+4=3 and 3(27) =81

)

12.

p—

5.

12 +22 4 +3(1+2)
so 12 +2%2 -4 +3@3)

so 12 +4 -4+3(27)
so 3-4+81
so -1+ 81 =80

2(3-1) +8
(8+12)+4-6
10 +5% - 25

2 +(3-2)+2

11-2 12-4
15+4(9—6)_2(18—10)

5. 33

10. 14
15. 25




DISTRIBUTIVE PROPERTY v\

The Distributive Property is used to regroup a numerical expression or a polynomial with two
or more terms by multiplying each value or term of the polynomial. The resulting sum is an
equivalent numerical or algebraic expression. See page 74 in the textbook for more information.
In general, the Distributive Property is expressed as:

alb+c)=ab+ac and (b+c)a=ba+ca

Example 1 Example 2

2(x+4)=(2-X)+(2-4)=2x+8 (X+2y+D2=(2-x)+(2:2y) +2(1) = 2x + 4y +2

Simplify each expression below by applying the Distributive Property. Follow the correct order of
operations in problems 18 through 22.

1. 3(1+5) 2. 4(3+2) 3. 2(x+6) 4. 5(x+4)

5. 3(x-4) 6. 6(x-6) 7. (3+x)4 8. (2+x)2

9. -x(3-1) 10. -4(x-1) 11. x(y-2) 12. a(b-c)

13. 3(x+y +3) 14. 5(y +2x+3) 15. 2(-x+y-3) 16. -4(3x—-y +2)
17. x(x +3x) 18. 4(x+22+x%) 19 (2x* -5x-7)3 20. (a+b-c)d

21. 5a (132 4 2(4+4) - b?) 22. b(2% + £(6+3) - ab)

Answers

1. (3-1)+(3-5) or 3(6)=18 2. (4:3)+(4-2) or 4(5)=20

3. 2x+12 4. 5x+20 5. 3x-12 6. 6x-36

7. 12 +4x 8. 4+2x 9. -3x+x=-2x 10. -4x +4

I1. xy-xz 12. ab-ac 13. 3x+3y+9 14. 5y +10x+15

15. 2x+2y -6 16. —12x +4y -8 17. x2+3x% = 4x% 18. 4x% + 4x+16

19. 6x2 —-15x-21 20. ad + bd—cd 21. 25a — 5ab? 22. 7b — ab?




SUBSTITUTION AND EVALUATION #5

Substitution is replacing one symbol with another (a number, a variable, or an expression). One
application of the substitution property is replacing a variable name with a number in any
expression or equation. In general, if a=b, then a may replace b and b may replace a. A
variable is a letter used to represent one or more numbers (or other algebraic expression). The
numbers are the values of the variable. A variable expression has numbers and variables and
operations performed on it.

Examples

Evaluate each variable expression for x = 2.

a) S5x = 5(2) = 10 b) x+10 = (2)+10 = 12
18 18 X 2
c) - = 6 = 9 d) s = 3 = 1

e) 3x-5 = 3(2)-5 = 6-5 =1 f) 5x+3x = 5(2)+3(2) = 10+6 = 16

Evaluate each of the variable expressions below for the values x = -3 and y = 2. Be sure to follow
the order of operations as you simplify each expression.

I. x+3 2. x-=-2 3. x+y+4 4. y-2+x
5. x2-7 6. —x>+4 7. x2+2x-1 8. -2x%+3x
9. x+2+3y 10. y?+2x-1 1. x%+y2+2° 12. 3% 4+y2-x?

Evaluate the expressions below using the values of the variables in each problem. These problems ask
you to evaluate each expression twice, once with each of the values.

13. 2x>-3x+4 for x=-2 and x=5 14. —4x>+8 for x=-2 and x=5
15. 3x> =2x+8 for x=-3 and x =3 16. —x*>+3 for x=-3 and x =3

Evaluate the variable expressions for x =-4 and y =5.

17. x(x +3x) 18. 2(x+4x) 19. 2(x+y)+4(y7+3)

20. 4(y2+2(%)) 21, 3y(x+x -y) 22, (x+ y)(3x + 4y)
Answers

1. 0 2. -5 3. 3 4, -3 5. 2

6. -5 7. 2 8. -27 9. 5 10. -3

11. 17 12. 4 13. a)18 b)39 14. a)-8 b)-92 15. a)41 b)29
16. a)-6 b)-6 17. 64 18. -40 19. -6 20. 108

21. 105 22. 8



TABLES, EQUATIONS, AND GRAPHS #6

An input/output table provides the opportunity to find the rule that determines the output value for
each input value. If you already know the rule, the table is one way to find points to graph the
equation, which in this course will usually be written in y-form as y = mx + b. Review the
information in the Tool Kit entry on page 96 in the textbook, then use the following examples and
problems to practice these skills.

Example 1

Use the input/output table below to find the pattern (rule) that pairs each x-value with its y-value.
Write the rule below x in the table, then write the equation in y-form.

X (input) -1 3 2 -3 1 0 -4 4 -2 X
y (output) 5 1 -1 7 -5

Use a guess and check approach to test various patterns. Since (3, 5) is in the table, try y =x + 2
and test another input value, x = 1, to see if the same rule works. Unfortunately, this is not true. Next
try 2x and add or subtract values. For (4,7), 2(4)—1="7. Now try (-2,-5): 2(-2)—-1=-5. Test
(3,5): 2(3)— 1 =35. Itappears that the equation for this table is y =2x — 1.

Example 2

Find the missing values for y =2x + 1 and graph the equation. Each output value is found by
substituting the input value for x, multiplying it by 2, then adding 1.

X (input) -3 -2 -1 0 1 2 3 4 5 X
y (output) | -5 3 7 2x+1
y
* x-values are referred to as inputs. The set of /
all input values is the domain. 3
* y-values are referred to as outputs. The set of 4/
< X

all output values is the range.

Use the pairs of input/output values in the table /
to graph the equation. A portion of the graph is / -5
shown at right. ¥




For each input/output table below, find the missing values, write the rule for x, then write the equation
in y-form.

1. 2.
mputx | -3|-2-110 1] 2] 3] x mputx | -3, -2/-1] 0|12 3] x
output y -1 1 7 outputy | 0 2 5
3. 4.
imputx | -3| -2, -110] 1) 2] 3 x mputx | -3|-2|-11 0] 12| 3] x
output y -4 -2 0 outputy | -10 -1 8
5. 6.
imputx | 2| 7 -3 41 3] x mputx | 0| 5 -6 317
outputy | 10 8 |-10] 22 outputy | 3 119 -1]19 -5
7. 8.
imputx | 4|3 -2/0]1|-5]-1 x inputx | 6 0|7 2] -1
output y -11 -5 -3 output y -6 | -3 2 411
9. 10.
inputx | 1] 0 [0.3[0.5/0.75 5 [3.2] x inputx | 3| 1| 1 0 L1} 3 |

2 4 4] 2] 4 42| 4
outputy | 0 0.8 7 output y 1 0 3

4 4 8

11. 12.
mputx | -3|-2-110 1] 2] 3] x mputx | -3, -2/-1]0| 1,2 3] 4
output y 5 3 | output y 2 -2 -6
13. 14.
inputx | 5| -2 0 4 X inputx | 5| 6| -3 7 4 2
output y 5 |-21] -3]13 9 outputy | 2 10 | 16 1|5
15. 16.
mputx | -3|-2-110 1] 2] 3] x mputx | -3, -2/-1] 0|12 3] x
output y 4 0 9 outputy | 10 2 5

Make an input/output table and use it to draw a graph for each of the following equations. Use inputs
(domain values) of -3 <x <3.

17. y=x+5 18. y=-x+4 19. y =2x+3 20. y = $x-2

21 y=-4x+3 22 y=2 23, y=x"+3 24, y=-x*-4




Answers

1. y=2x+1 2. y=x+3

mputx | -3|-2]-110, 1] 2] 3 X mputx | -3, -2|-110, 12| 3| x
outputy | -5 -3 -1 1 |3 5| 7 |2x+1] |outputy, O | 1 | 23] 4|5] 6 |x+3
3. y=x-2 4, y=3x-1

imputx | -3|-2|-1/0| 1| 2] 3 X mputx | -3/ -2|-1 0|1 2] 3 X
outputy | -5| -4 | -3 -2 -1 0| 1 |x—-2| |outputy|-10| -7 | -4|-1| 2|5 | 8 |3x -1
5. y=4x+2 6. y=2x+3

input x 2| 7 % 3 5|4 3 X mputx |0 |5|-1/-6/-23|7 -4 X
outputy | 10| 30| 8 |-10 22 |-14| 14 |4x + 2 outputy | 3 (13| 1 -9 -1| 9 |17 -5/2x +3
7. y=-2x-5 8. y=x-3

inputx | 4| 3]-2] 0] I ]-5|-1 X input X 6/-3]0 7/5|-2/-1] 4 X
outputy [-13|-11/ -1 -5 -7/ 5| -3 | -2x-5 outputy |3/-6/-3/4 2|54 1 |x-3
9. y=x+0.5 10.y=%x

inputx |-+ 0] 03 105075 32 «x inputx |-3 -%-% Iy ox
outputy | 0 0.5 0.8 125 #13.7x+.5 |ouputy -3-F- 0|4 5 3% ix
11. 12.

inputx | -3| -2, -1/ 0] 1| 23 X inputx |-3 -2 -1012 3| 4 X
outputy| 6 | 5| 4| 3| 2| 1]0|-x+3 outputy (4| 2 | 0]-2-4/-6 -8/-10|_2x — 2
13. 14.

mmputx | 5| -2/45 0] 4 4 -3 x input x 506 -3 -9 74|62 x
outputy |-23| 5 |-21] -3] 13 ]-19] 9 |-4x—3| | outputy 20111016/ 0] 3]1]5|-x+7
15. 16.

imputx | -3|-2]-110 1] 2] 3 X imputx | -3, -2|-1] 0,123 X
outputy | 9 | 4 | 1 0| 1| 4] 9| x2 outputy| 10| 5 | 2| 1 | 2| 5|10 |x2 +1
17. 18.

inputx | -3|-2/-1] 0|1 2]3 inputx | -3 -2 -1 0 1|2 3
outputy | 2| 3 | 4| 5| 6| 7| 8 outputy| 7| 6| 5| 4| 3 2 1

19. 20.

mputx | -3|-2-110, 1] 2] 3 mputx | -3, -2|-110, 1,23
outputy | -3/ -1 1 3|5/ 7|9 outputy |-3.5] -3 |-2.5] -2 |-1.5] -1 |-0.5

21. 22.

imputx | -3|-2]-110 1] 2] 3 mputx | -3, -2|-11 0,123
outputy | 5 4%(3% 3 2515 outputy | 2| 2 2| 2|2 2|2

23. 24.

mputx | -3|-2]-110, 1] 2] 3 mputx | -3, -2|-110 1,23
outputy | 12| 7 | 4 1 314 | 7 12 outputy |-13| -8 | -5| 4| -5] -8|-13




17.

N

<% V -4 =X
\
20.
y
= 2 & [ X
23.
y

18.

>

21.

<

19.

24.

22.




SOLVING LINEAR EQUATIONS

#7

Solving equations involves “undoing” what has been done to create the equation. In this sense,
solving an equation can be described as “working backward,” generally known as using inverse
(or opposite) operations. For example, to undo x +2 =35, that is, adding 2 to X, subtract 2 from
both sides of the equation. The resultis x =3, which makes x+2 =35 true. For 2x =17, x is
multiplied by 2, so divide both sides by 2 and the resultis x = 8.5. For equations like those in the
examples and exercises below, apply the idea of inverse (opposite) operations several times.

Always follow the correct order of operations.

Example 1
Solve forx: 2(2x =1) -6 = —x +2

First distribute to remove parentheses, then
combine like terms.

4x -2 -6=-x+2
4x -8 =-x+2

Next, move variables and constants by
addition of opposites to get the variable term
on one side of the equation.

4x -8 =-x+2

+X + X
5x -8 = 2
5x-8= 2
+8 +38
5x = 10

Now, divide by 5 to get the value of x.

x_ 0D o xo2

2(2(2)-1) -6 = —(2) +2
2(4-1)-6=0
2(3)-6=0

6 — 6 = 0 checks

Example 2
Solve for y: 2x +3y -9 =0

This equation has two variables, but the
instruction says to isolate y. First move the
terms without y to the other side of the
equation by adding their opposites to both sides
of the equation.

2x+3y-9=0
+9 +9
2x +3y =49
2x +3y = 9
-2x -2x
3y =-2x+9

Divide by 3 to isolate y. Be careful to divide
every term on the right by 3.
3y 2x+49

= =
3 3

y=—%x+3




Solve each equation below.

1. 5x+2=-x+14 2. 3x-2=x+10 3. 6x+4x-2=15
4. 6x-3x+2=-10 5. %y—6=12 6. %x+2=—7
7. 2(x+2)=3(x - 3) 8. 3(m-2)=-2(m-7)
9. 3(2x+2)+2(x-7)=x+3 10. 2(x+3)+5(x-2) =-x+10
11. 4-6(w+2)=10 12. 6 -2(x-3)=12
13. 3(2z-7)=52+17+z 14. -3(2z-7)= -3z+21-3z
Solve for the named variable.
15. 2x +b =c¢ (for x) 16. 3x —d = m (for x) 17. 3x +2y =6 (for y)
18. -3x +5y =-10 (for y) 19. y =mx + b (for b) 20. y =mx + b (for x)
Answers
.2 2. 6 3, 2 4. -4
10
5. 27 6. -12 7. 19 8. 4
9. 4 10. 2 1. -3 12. 0
7 4

13. no solution 14. all numbers 15. x = C;b 16. x = m;d

=_3 = 35_ v _yb
17. y = 2x+3 18.y—5x 2 19. b=y -mx 20.x—m



WRITING EQUATIONS #8

You have used Guess and Check tables to solve problems. The patterns and organization of a
Guess and Check table will also help to write equations. You will eventually be able to solve a
problem by setting up the table headings, writing the equation, and solving it with few or no
guesses and checks.

Example 1

The perimeter of a triangle is 51 centimeters. The longest side is twice the length of the shortest
side. The third side is three centimeters longer than the shortest side. How long is each side? Write
an equation that represents the problem.

First set up a table (with headings) for this problem and, if necessary, fill in numbers to see the
pattern.

guess short side | longside |  thirdside | perimeter | check 517
10 2(10) =20 10+3=13 10+20+13=43 too low
15 2(15) =20 15+3=18 15+30+18=63 too high
13 2(13) =26 13+3=16 13+26+16=155 too high
12 2(12) =24 12+3=15 12 +24 +15=51 correct

The lengths of the sides are 12 cm, 24 cm, and 15 cm.
Since we could guess any number for the short side, use x to represent it and continue the pattern.

guess short side | long side | third side | perimeter | check 51?

X | 2x | X+3 | x+2x+x+3 | 51
A possible equation is x + 2x + x +3 = 51 (simplified, 4x + 3 = 51). Solving the equation gives
the same solution as the guess and check table.
Example 2
Darren sold 75 tickets worth $462.50 for the school play. He charged $7.50 for adults and $3.50 for

students. How many of each kind of ticket did he sell? First set up a table with columns and
headings for number of tickets and their value.

guess number | value of adult number of value of student total value check
of adult tickets | tickets sold | student tickets tickets sold 462.50?
sold sold
40 | 40(7.50) = 300| 75 -40=35 | 3.50(35) = 122.50 | 300 + 122.50 | too low
=422.50

By guessing different (and in this case, larger) numbers of adult tickets, the answer can be found. The
pattern from the table can be generalized as an equation.

number of value of adult number of value of total value check
adult tickets tickets sold | student tickets | student tickets 462.50?
sold sold sold

X [ 7350x | 75-x | 350(/5-x) | 750x+ | 462.50



7.50x +3.50(75 - x) = 462.50 = 7.50x +262.50 — 3.50x = 462.50

=

4x =200 = x =50 adulttickets = 75 - x =75 - 50 = 25 student tickets

Find the solution and write a possible equation. You may make a Guess and Check table, solve it,
then write the equation or use one or two guesses to establish a pattern, write an equation, and solve it
to find the solution.

1.

10.

11.

12.

13.

14.

15.

A box of fruit has four more apples than oranges. Together there are 52 pieces of fruit. How
many of each type of fruit are there?

Thu and Cleo are sharing the driving on a 520 mile trip. If Thu drives 60 miles more than Cleo,
how far did each of them drive?

Aimee cut a string that was originally 126 centimeters long into two pieces so that one piece is
twice as long as the other. How long is each piece?

A full bucket of water weighs eight kilograms. If the water weighs five times as much as the
bucket empty, how much does the water weigh?

The perimeter of a rectangle is 100 feet. If the length is five feet more than twice the width, find
the length and width.

The perimeter of a rectangular city is 94 miles. If the length is one mile less than three times the
width, find the length and width of the city.

Find three consecutive numbers whose sum is 138.
Find three consecutive even numbers whose sum is 468.

The perimeter of a triangle is 57. The first side is twice the length of the second side. The third
side is seven more than the second side. What is the length of each side?

The perimeter of a triangle is 86 inches. The largest side is four inches less than twice the
smallest side. The third side is 10 inches longer than the smallest side. What is the length of
each side?

Thirty more student tickets than adult tickets were sold for the game. Student tickets cost $2,
adult tickets cost $5, and $1460 was collected. How many of each kind of ticket were sold?

Fifty more “couples” tickets than “singles” tickets were sold for the dance. “Singles” tickets
cost $10 and “couples” tickets cost $15. If $4000 was collected, how many of each kind of
ticket was sold?

Helen has twice as many dimes as nickels and five more quarters than nickels. The value of her
coins is $4.75. How many dimes does she have?

Ly has three more dimes than nickels and twice as many quarters as dimes. The value of his
coins is $9.60. How many of each kind of coin does he have?

Enrique put his money in the credit union for one year. His money earned 8% simple interest
and at the end of the year his account was worth $1350. How much was originally invested?



16. Juli's bank pays 7.5% simple interest. At the end of the year, her college fund was worth
$10,965. How much was it worth at the start of the year?

17. Elisa sold 110 tickets for the football game. Adult tickets cost $2.50 and student tickets cost
$1.10. If she collected $212, how many of each kind of ticket did she sell?

18. The first performance of the school play sold out all 2000 tickets. The ticket sales receipts
totaled $8500. If adults paid $5 and students paid $3 for their tickets, how many of each kind of
ticket was sold?

19. Leon and Jason leave Los Angeles going in opposite directions. Leon travels five miles per hour
faster than Jason. In four hours they are 524 miles apart. How fast is each person traveling?

20. Keri and Yuki leave New York City going in opposite directions. Keri travels three miles per
hour slower than Yuki. In six hours they are 522 miles apart. How fast is each person traveling?

Answers (equations may vary)

1. 24 oranges, 28 apples; x + (x + 4) = 52
2. Cleo 230 miles, Thu 290 miles; x + (x + 60) = 520

3. 42,84; x +2x =126 4. 6%3kg.; X +5x =8

5. 15,35; 2x +2(2x + 5) = 100 6. 12,35; 2x +2(3x-1) = 94

7. 45,46,47, x + (x+1) +(x +2) = 138 8. 154,156,158; x + (x+2)+(x +4) = 468
9. 25,125,19.5; x+2x+(x+7) =57 10. 20,36,30; x + (2x-4)+(x +10) = 86
11. 200 adult, 230 students; 5x + 2(x +30) = 1460

12. 130 single, 180 couple; 10x + 15(x + 50) = 4000

13. 7 nickels, 14 dimes, 12 quarters; 0.05x + 0.10(2x) + 0.25(x +5) = 4.75

14. 12 nickels, 15 dimes, 30 quarters; 0.05x + 0.10(x + 3) + 0.25(2x + 6) = 9.60

15. $1250; x +0.08x = 1350 16. 10,200; x + 0.075x = 10, 965

17. 65 adult, 45 student; 2.50x +1.10(110 - x) = 212

18. 1250 adults, 750 students; 5.00x + 3.00(2000 — x) = 8500

19. Jason 63, Leon 68; 4x + 4(x + 5) = 524
20. Yuki 45, Keri 42; 6x + 6(x — 3) = 522



SOLVING PROPORTIONS #9

A proportion is an equation stating that two ratios (fractions) are equal. To solve a proportion,
begin by eliminating fractions. This means using the inverse operation of division, namely,
multiplication. Multiply both sides of the proportion by one or both of the denominators. Then
solve the resulting equation in the usual way.

Example 1 Example 2
x_3 X 3
' w17
Undo the division by 3 by multiplying . .
both sides by 3. lggﬂgttlif())lg by 5 and (x+1) on both sides of the
5
(3)5=303) x _3
38 5(x +1) — - 5(5)(>(+1)
X = B 1<
8 8 Note that &+ _ 1 and 2 = 1,50 5x = 3(x +1)
(x+1) 5
3 1
5x=3x+3 = 2x=3 = x==-=1<
2 2

Solve for x or y.

2_y x _4 2_Xx S_ X
1 5 15 2. 36 9 3 375 4 8 100
5 x _ 24 6. Jy _ 24 7. X+2 5 8 x-1 _ 7
10 9 5 10 3 7 4 8
4x _ x-2 3x _ox+l 9—x _ 24 7oy _3
9. s =7 10. T " 6 11. T =5 12. S =3
I p—— 14, 2% 15, 2.2 6. 2.1
X x+1 y y-2 X 9 y 4
Answers
10 1 1 80
. 6 2. 16 3. 3 =33 4 627 >3 6. 4
1 1 -10 2 13
7 5 8. 4- 9. — 10. = 11 63 12. =
13. L
4 14. -2 15. £6 16. 10



RATIO APPLICATIONS #10

Ratios and proportions are used to solve problems involving similar figures, percents, and
relationships that vary directly.

Example 1 Example 2
AABC is similar to ADEF. Use ratios to find x. a)  What percent of 60 is 457

b) Forty percent of what number is 457

F D
B 4 In percent problems use the following
/E/\\ X . part percent
14 proportion: = :
A C E whole 100
Since the triangles are similar, the ratios of the 45 X b 40 45
corresponding sides are equal. 2) 0 100 ) 00 - x
% _ % ~ 8 =56 = x=7 60x = 4500 40x = 4500
x =75 (75%) x =112

Example 3

Amy usually swims 20 laps in 30 minutes. How long will it take to swim 50 laps at the same rate?
Since two units are being compared, set up a ratio using the unit words consistently. In this case,
“laps” is on top (the numerator) and “minutes” is on the bottom (the denominator) in both ratios.
Then solve as shown in Skill Builder #9.

1 2 ;
laps .20 _ 30 . 90x=1500 = x = 75minutes
minutes 30 X

Each pair of figures is similar. Solve for the variable.

oy

1.




5. 6.
X
20
7.2
5 ( : m 34 @ 50 @
7
10 40
7. 8.
X x+1
r N

< 5 > < 7 >
Write and solve a proportion to find the missing part.
9. 151is25% of what? 10. 12 1is 30% of what?
11. 45% of 200 is what? 12. 32% of 150 is what?
13. 18 is what percent of 247 14. What percent of 300 is 2507
15. What is 32% of $12.50? 16. What is 7.5% of $325.75?

Use ratios to solve each problem.

17.

18.
19.
20.

21.

22.

23.

24.

A rectangle has length 10 feet and width six feet. It is enlarged to a similar rectangle with length
18 feet. What is the new width?

If 200 vitamins cost $4.75, what should 500 vitamins cost?
The tax on a $400 painting is $34. What should the tax be on a $700 painting?

If a basketball player made 72 of 85 shots, how many shots could she expect to make in 200
shots?

A cookie recipe uses % teaspoon of vanilla with % cup of flour. How much vanilla should be

used with five cups of flour?
My brother grew 1 % inches in 2 % months. At that rate, how much would he grow in one year?

The length of a rectangle is four centimeters more than the width. If the ratio of the length to
width is seven to five, find the dimensions of the rectangle.

A class has three fewer girls than boys. If the ratio of girls to boys is four to five, how many
students are in the class?



Answers

13.

17.

21.

20 2
3 -%3
0 _ o1
7 7
60

75%

10.8 ft.

1
3 3 teaspoons

10.

14.

18.

10
4.5
40
835 %

$11.88

2.
. 8; inches

I11.

15.

19.

23.

:
90

$4
$59.50

10cm x 14 cm

12.

16.

20.

24.

W | =

$24.43

About 169 shots

27 students



USING SUBSTITUTION TO FIND THE POINT #11
OF INTERSECTION OF TWO LINES

To find where two lines intersect we could graph them, but there is a faster, more accurate
algebraic method called the substitution method. This method may also be used to solve
systems of equations in word problems.

Example 1

Start with two linear equations in y-form. y=-2x+5and y =x -1
Substitute the equal parts. 2x+5=x-1

Solve for x. 6 =3x = X =2

The x-coordinate of the point of intersection is x = 2. To find the y-coordinate, substitute the value of
X into either original equation. Solve for y, then write the solution as an ordered pair. Check that the
point works in both equations.

y=-22)+5=1 and y=2-1=1,s0 (2, 1) is where the lines intersect.

Check: 1=-2(2)+5 v and 1=2-1 V.

Example 2

The sales of Gizmo Sports Drink at the local supermarket are currently 6,500 bottles per month.
Since New Age Refreshers were introduced, sales of Gizmo have been declining by 55 bottles per
month. New Age currently sells 2,200 bottles per month and its sales are increasing by 250 bottles
per month. If these rates of change remain the same, in about how many months will the sales for
both companies be the same? How many bottles will each company be selling at that time?

Let x = months from now and y = total monthly sales.

For Gizmo: y = 6500 - 55x; for New Age: y = 2200 + 250x.
Substituting equal parts: 6500 — 55x = 2200 + 250x = 3300 = 305x = 10.82 = x.
Use either equation to find y: y = 2200 + 250(10.82) ~ 4905 and y = 6500 — 55(10.82) = 4905.

The solution is (10.82, 4905). This means that in about 11 months, both drink companies will be
selling 4,905 bottles of the sports drinks.



Find the point of intersection (X, y) for each pair of lines by using the substitution method.

1.

5.

y=Xx+2 2. y=3x+5 3. y=11-2x 4. y=3-2x

y =2x-1 y =4x +8 y=Xx+2 y =1+2x

y=3x-4 6. y=—%x+4 7. y=45-x 8. y=4x

y=lx+7 13 y =-2Xx+6 y=x+1
2 y=3x—2

For each problem, define your variables, write a system of equations, and solve them by using
substitution.

0.

10.

11.

12.

Janelle has $20 and is saving $6 per week. April has $150 and is spending $4 per week. When
will they both have the same amount of money?

Sam and Hector are gaining weight for football season. Sam weighs 205 pounds and is gaining
two pounds per week. Hector weighs 195 pounds but is gaining three pounds per week. In how
many weeks will they both weigh the same amount?

PhotosFast charges a fee of $2.50 plus $0.05 for each picture developed. PhotosQuick charges
a fee of $3.70 plus $0.03 for each picture developed. For how many pictures will the total cost
be the same at each shop?

Playland Park charges $7 admission plus 75¢ per ride. Funland Park charges $12.50 admission
plus 50¢ per ride. For what number of rides is the total cost the same at both parks?

Change one or both equations to y-form and solve by the substitution method.

13. y=2x-3 14, y =3x +11 15. x+y =5 16. x +2y =10
x+y=15 X+y=3 2y - x =2 3x =2y = -2
17. x+y =3 18. y=2x-3 19. x+2y =4 20. 3x =y -2
2x -y =-9 Xx-y=-4 X+2y=6 6x +4 =2y
Answers
1. (3,5 2. (-3,-4) 3. 3,9 4, (%2)
1 4
5. (4.4,9.2) 6. (6,0) 7. (1.5,3) 8. (3’3)
9. 13 weeks, $98 10. 10 weeks, 11. 60 pictures, $5.50 12. 22 rides, $23.50
225 pounds
13. (6,9) 14. (-2,5) 15. 4,1) 16. (2,4)
17. (-2,5) 18. (7,11) 19. none 20. infinite



MULTIPLYING POLYNOMIALS #12

We can use generic rectangles as area models to find the products of polynomials. A generic
rectangle helps us organize the problem. It does not have to be drawn accurately or to scale.

Example 1

Multiply (2x + 5)(x + 3)

2Xx _ + 5 2X _ + 5
X| 2x% | 5
.\ N I - 1o2x+5)x+3)= 2+ 1x+15
3 3 areca as a pI'OduCt area as a sum
6x 15
Example 2
. 2
Multiply (x + 9)(x -3x+ 5)
xZ - 3x + 5 x2-3x + 5
X X x3 —3x2 5x
+ —> +
9 9 ox? | 27x | 45

Therefore (x + 9)()(2 -3x+ 5) = x3+9x2 - 3x2 - 27x +5x +45 = x° + 6x° - 22x + 45

Another approach to multiplying binomials is to use the mnemonic "F.O.LLL." F.O.L.L. is an
acronym for First, Outside, Inside, Last in reference to the positions of the terms in the two binomials.

Example 3

Multiply (3x — 2)(4x + 5) using the F.O.LL. method.

F. multiply the FIRST terms of each binomial (3%)(4x) = 12x?
O. multiply the OUTSIDE terms (3x)(5) = 15x
I.  multiply the INSIDE terms (-2)(4x) = -8x
L. multiply the LAST terms of each binomial (-2)(5) =-10

Finally, we combine like terms: 12x2 + 15x - 8x - 10 = 12x* + 7x - 10.



Multiply, then simplify each expression.

1.

10.

13.

16.

19.

x(2x - 3)

3x(2x% - x +3)
(y-2)y+7)
(3m-2)(2m +1)
(3x +7)?

(y-2)(3y? +2y -2
x(2x - 3)(x + 4)

Answers

10.

13.

16.

19.

2x% - 3x

6x> - 3x% + 9x
y2+5y—l4
6m’ - m - 2

9x2 + 42X + 49
3y3—4y2—6y+4

2x3 + 5x2 - 12x

2.

y(3y - 4)
(x+2)(x+7)

(x+8)(x-7)

. (2m+1)(2m -1)
. (2x-5)?
C3(x+2)(2x - 1)

. 2y(2y -1)(3y +2)

3y2—4y

x2 + 9x + 14
x2 4+ x - 56
4m? -1

4x2 - 20x + 25
6x% +9x - 6

12y3 + 2y2 -4y

2y(y2 + 3y - 2)

(y-3)y-9)

(2x +1)(3x-5)

. 3y -4)(3y +4)
. (Bx+2)(x% -5x +2)

. 2(x =2)(3x + 1)

2y3 +6y2 -4y

y? —12y +27

6x2 —7x -5

9y - 16
3x3 - 13x% —4x + 4

—6x% +10x + 4



WRITING AND GRAPHING LINEAR EQUATIONS ON A FLAT SURFACE #13

SLOPE is a number that indicates the steepness (or flatness) of a line, as well as its direction (up
or down) left to right.

vertical change
horizontal change

SLOPE is determined by the ratio: between any two points on a line.

For lines that go up (from left to right), the sign of the slope is positive. For lines that go down
(left to right), the sign of the slope is negative.

Any linear equation written as y = mx + b, where m and b are any real numbers, is said to be in
SLOPE-INTERCEPT FORM. m is the SLOPE of the line. b is the Y-INTERCEPT, that is,
the point (0, b) where the line intersects (crosses) the y-axis.

If two lines have the same slope, then they are parallel. Likewise, PARALLEL LINES have the
same slope.

Two lines are PERPENDICULAR if the slope of one line is the negative reciprocal of the slope
of the other line, that is, m and - L Note that m (_—) = -1.

m
1 2 35 4
Examples: 3 and - =, - = and =, = and - =
3 3 24 5

Two distinct lines that are not parallel intersect in a single point. See "Solving Linear Systems" to
review how to find the point of intersection.

Example 1

Write the slope of the line containing the points (-1, 3) and (4, 5).
First graph the two points and draw the line through them.

Look for and draw a slope triangle using the two given points.

vertical change in y

Write the ratio using the legs of the right

horizontal change in x

. 2
triangle: 5

Assign a positive or negative value to the slope (this one is positive)
depending on whether the line goes up (+) or down (—) from left to right.

If the points are inconvenient to graph, use a "Generic Slope Triangle", visualizing where the points lie
with respect to each other.



Example 2 y

Graph the linear equation y = ; X+ 2 } Y YYYY

. . 4 4 ARG
Using y = mx + b, the slopein y=5 x +2 is7 and the Y~
y-intercept is the point (0, 2). To graph, begin at the P y

rtical ch g X

y-intercept (0, 2). Remember that slope is hZfizi)C;tacl: Cilﬁege SO go Z'J/ >
up 4 units (since 4 is positive) from (0, 2) and then move right 7
units. This gives a second point on the graph. To create the graph, -5

draw a straight line through the two points.
Example 3

3
A line has a slope of 7 and passes through (3, 2). What is the equation of the line?

Using y = mx + b, write y = %x + b. Since (3, 2) represents a point (x, y) on the line, substitute 3

for x and 2 for y,2=%(3)+b,andsolvefor b. 2 =%+b = 2—%=b = —%= b. The

.. 3 1
equationis y = = x - 7.

N

Example 4

Decide whether the two lines at right are parallel, perpendicular,

or neither (i.e., intersecting). 5x —4y =-6 and -4x + S5y = 3.

First find the slope of each equation. Then compare the slopes.

5x -4y =-6 -“4x + 5y =3 These two slopes are not equal,
-4y =-5x -6 Sy=4x+3 so they are not parallel. The

_-5x-6 _4x +3 product of the two slopes is 1, not

Y="2 Y=775 -1, so they are not perpendicular.
_3 3 _4 3 These two lines are neither

Y=3 X+ Y=35X+5 parallel nor perpendicular, but do

The slope of this line is >. | The slope of this line is 3. | intersect
Example 5

Find two equations of the line through the given point, one parallel and one perpendicular to the given

hm:y=—§x+5mﬂ@4$.

For the parallel line, use y =mx + b with the For the perpendicular line, use
same slope to write v = — 5 < +b y =mx + b where m is the negative
p y=73 ' reciprocal of the slope of the original

Substitute the point (—4, 5) for x and y and equation to write 'y = z X + b.
solve for b. >
Substitute the point (—4, 5) and solve for b.

33

5 20
2=y Ab = 3 =b = 3= sy b = 2o

Therefore the parallel line through (-4, 5) is Therefore the perpendicular line through

5
y=-37%x-5 cmﬁmy=§x+%.




Write the slope of the line containing each pair of points.
1. (3,4)and (5,7) 2. (5,2)and (9,4) 3. (1,-3)and (-4,7)
4. (-2,1)and (2,-2) 5. (-2,3)and (4, 3) 6. (8,5 and(3,5)

Use a Generic Slope Triangle to write the slope of the line containing each pair of points:

7. (51,40) and (33, 72) 8. (20, 49) and (54, 90) 9. (10, -13) and (-61, 20)

Identify the y-intercept in each equation.

1 _ 3,22 _
10. y=5x-2 11. y = $X~3 12. 3x+2y=12
13. x—y=-13 14. 2x -4y =12 15. 4y —2x =12
Write the equation of the line with:
1 2
16. slope =7 and passing through (4, 3). 17. slope =73 and passing through (-3, -2).

1
18. slope = - 3 and passing through (4, -1). 19. slope = -4 and passing through (-3, 5).

Determine the slope of each line using the highlighted points.
20. 21. 22.

y "
‘\,‘ y \
\L\ %_ \

N
d
N r/ \

Using the slope and y-intercept, determine the equation of the line.
23. 24, 25. 26.

=




Graph the following linear equations on graph paper.
1 3
27. y=5x+3 28. y=-3x-1 29. y=4x
1
30. y=-6x+73 31. 3x+2y=12

State whether each pair of lines is parallel, perpendicular, or intersecting.

32. y=2x-2andy=2x+4 33. y:%x+3andy=-2x—4
34, x—y=2andx+y=3 35. y—x=-landy +x=3

36. X+3y=6andy=—%x—3 37. 3x+2y=6and 2x + 3y = 6
38. 4x =5y -3 and 4y =5x + 3 39. 3x—4y=12and 4y =3x + 7

Find an equation of the line through the given point and parallel to the given line.

40. y=2x-2and(-3,5) 41. y=% X + 3 and (-4, 2)

42. x-y=2and(-2,3) 43. y—x=-land (-2, 1)

44. x+3y=6and(-1,1) 45. 3x+2y=6and (2,-1)

46. 4x=5y-3and(1,-1) 47. 3x—4y =12 and (4, -2)

Find an equation of the line through the given point and perpendicular to the given line.
48. y=2x-2and (-3,5) 49. y =% X + 3 and (-4, 2)

50. x-y=2and(-2,3) 51. y—x=-land (-2, 1)

52. x+3y=6and(-1,1) 53. 3x+2y==6and (2,-1)

54. 4x=S5y-3and(l,-1) 55. 3x -4y =12 and (4, -2)

Write an equation of the line parallel to each line below through the given point.

56. N 57. N

(9]

TN
~/
4
i

¢
T

.

N~




Answers

3 1 3
Lo 2 3 s 4. -2
16 41
5.0 6. 0 [ 8 3
9. =3 10. (0,-2) 1. (0,—5) 12. (0,6)
71 3
13. (0, 13) 14. (0,-3) 15. (0,3) 16. y =%x+1
2 1 1 1
17. y=3X 18. y=-3X+3 19. y =-4x-7 20. -3
21.% 2. 2 23y =2x-2 2.y = -x+2
25. y = —;x +2 26, y =-2x+4 27. line with slope % and y-intercept (0, 3)

28. line with slope —% and y-intercept (0, —1)  29. line with slope 4 and y-intercept (0, 0)

30. line with slope —6 and y-intercept (O, l) 31. line with slope — % and y-intercept (0, 6)

2

32. parallel 33. perpendicular 34. perpendicular 35. perpendicular
36. parallel 37. intersecting 38. intersecting 39. parallel
40. y=2x + 11 41 y=1 x+4 42, y=x+5 43, y=x+3

S _.3 =442 =3 x-
44.y——3x+3 45. y= 2x+2 46.y—5X 5 47.y—4x 5
48. y=-3 x+2 49, y=-2x-6 50. y=-x+1 51, y=-x—1

_ —24_7 - 2441 _ 4510
52. y=3x+4 53.y—3x 3 54. y= T X7 55. y= 3 X+3
56. y=3x + 11 57. y=-1 x+2



FACTORING POLYNOMIALS #14

Often we want to un-multiply or factor a polynomial P(x). This process involves finding a
constant and/or another polynomial that evenly divides the given polynomial. In formal

mathematical terms, this means P(x) = q(x)-r(x), where q and r are also polynomials. For
elementary algebra there are three general types of factoring.

1y

2)

3a)

Common term (finding the largest common factor):
6x + 18 = 6(x + 3) where 6 is a common factor of both terms.

2x3 - 8x% - 10x = 2)(()(2 - 4x - 5) where 2x 1is the common factor.

2x2(x -D)+7(x-1)=(x- 1)(2)(2 + 7) where x — 1 1s the common factor.

Special products
a’? -b> =(a+b)a-b) x2 =25 =(x+5)(x = 5)
9x% - 4y2 = (3x +2y)(3x - 2y)

2 xz+8x+16=(x+4)2

2

x2+2xy+y2=(x+y)
);2—2)(y+y2=(x—y)2 x2—8x+16=(x—4)

Trinomials in the form x2 + bx + ¢ where the coefficient of x2 is 1.

Consider x? + (d+e)x+d-e =(x+d)(x +e), where the coefficient of x is the sum of
two numbers d and e AND the constant is the product of the same two numbers, d and e.
A quick way to determine all of the possible pairs of integers d and e is to factor the
constant in the original trinomial. For example, 12is1:-12,2-6,and 3-4. The signs of
the two numbers are determined by the combination you need to get the sum. The "sum and
product" approach to factoring trinomials is the same as solving a "Diamond Problem" in
CPM's Algebra 1 course (see below).

x2+8x+15=(x +3)(x+5); 3+5=8, 3-5=15
x2-2x-15=(x-5)(x+3); =5+3=-2, -5-3=-15

x2 - Tx +12 =(x =3)(x = 4); =3+ (=4) = -7, (=3)(-4) =12

The sum and product approach can be shown visually using rectangles for an area model.

The figure at far left below shows the "Diamond Problem" format for finding a sum and
product. Here is how to use this method to factor x* + 6x + 8.

X + 4

8 214 x| x2 | 4x
s — X[ X —P x+4)x+2)

6 2% | 8 212x | 8

>> Explanation and examples continue on the next page. >>




3b) Trinomials in the form axZ + bx + ¢ where a# 1.

Note that the upper value in the diamond is no longer the constant. Rather, it is the product
of a and c, that is, the coefficient of x2 and the constant.

2x2+7x+3

\ﬁﬂﬁpl’y/
6

X+3
2%° 6x 2x|2x%| 6x
—» +
x| 3 1[1x ] 3

4 2x + 1)(x +3)

Below is the process to factor 5x2 —13x +6.

5x

?

?

5% 2|-10x

-3x

—»  (5x-3)(x-2)

Polynomials with four or more terms are generally factored by grouping the terms and using one
or more of the three procedures shown above. Note that polynomials are usually factored
completely. In the second example in part (1) above, the trinomial also needs to be factored.

Thus, the complete factorization of 2x3 -8x% - 10x = 2x(x2 -4x - 5) =2x(x-5)(x + 1).

Factor each polynomial completely.

1.
5.
0.

13.
17.
21.
25.

X2 - x—42

6x2 —x - 15

x2 + 18x + 81
9x> - 16

4x2 + 18

2x% +15x + 18
3x3 - 12x% - 45x

Factor completely.

28.
31.
34.

75x3 - 27x
5y? - 125
3X3 - 6x2 —45x

2.
6.
10.
14.

4x2 - 18
4x2 - 25
x2 +4x -21

4x2% +20x+25 15.

29. 3x3 - 12x% - 36x

. x2—12x+36
C16x% -1
. 3x% +24

32. 3)(2y2 - xy2
35. 3x2 - 27

2x2 +9x +9
x2 - 28x +196
. 3x2 +21x
X2 -5x+6
. x%-3x-54
. x2 - 14x + 49
. x2 + 16x + 64

2x% + 3xy + y2

7x?% - 847

3x2 - 20x - 32
5x° +15x% - 20x
6x% — 21

x2 +8x + 15

30. 4x3 - 44x% £ 112x
— 4y? 33. x2 +10x% - 24x
36. x4 -16




Factor each of the following completely. Use the modified diamond approach.

37.
40.
43.

2x2 +5x-7
4x% - 13x + 3
64x% +16x +1

Answers

1.

4.

7.

10.

13.

16.

19.

22.

25.

28.

31.

34.

37.

40.

43.

(x+6)(x-17)
(2x+y)(x +y)
(x - 14)?

(x+ 7)(x = 3)
(3x —4)(3x +4)
Sx(x +4)(x - 1)
(x = 9)(x +6)
(4x + 1)(4x - 1)
3x(x% - 4x - 15)
3x(5x = 3)(5x + 3)
5(y +5)(y - 5)
3x(x - 5)(x +3)
(2x+7)(x = 1)
(4x - 1)(x - 3)

(8x +1)°

38.
41.
44.

11.

14.

17.

20.

23.

26.

29.

32.

35.

38.

41.

44.

3x2 —13x + 4
4x2% + 12x + 5

7x% - 33x - 10

2(2x2 - 9)
(2x +3)(3x = 5)
7(x - 11)(x + 11)
3x(x +7)

(2x +5)°

2(2x2 +9)

3(2x% - 7)

3x(x - 6)(x +2)
y2(3x —4)(x +1)
3(x =3)(x +3)
(Bx -1)(x-4)
(2x +5)(2x +1)

(7x +2)(x - 5)

39.
42.
45.

12.

15.

18.

21.

24.

27.

30.

33.

36.

42.

45.

2x2 +9x + 10
6x3 + 31x2 + 5x

5x2 +12x -9

(2x +3)(x +3)
(2x =5)(2x +5)
(x + 9)?
(x-8)(3x+4)
(x=-3)(x-2)
(x-6)

(2x +3)(x + 6)
(x+3)(x+5)
(x+8)°

4x(x - 7)(x - 4)

x(x + 12)(x = 2)
(x=2)(x +2)(x? +4)
(x+2)(2x +5)

x(6x +1)(x +5)

(5x = 3)(x +3)



ZERO PRODUCT PROPERTY AND QUADRATICS #15
Ifa-b=0,then eithera=0orb=0.

Note that this property states that at least one of the factors MUST be zero. It is also possible that
all of the factors are zero. This simple statement gives us a powerful result which is most often
used with equations involving the products of binomials. For example, solve (x +5)(x —2) =0.

By the Zero Product Property, since (x + 5)(x —2) =0, either x + 5=0or x — 2 =0. Thus,
Xx=-5 or x=2.

The Zero Product Property can be used to find where a quadratic crosses the x-axis. These points
are the x-intercepts. In the example above, they would be (-5, 0) and (2, 0).

Here are two more examples. Solve each quadratic equation and check each solution.

Example 1 Example 2
(x+4)(x-7)=0 x2+3x-10=0
By the Zero Product Property, First factor x2 + 3x = 10 = 0
eitherx +4 =0orx—-7=10 into (x +5)(x -2) =0
Solving, x = -4 or x = 7. thenx +5=0o0rx-2=0,
sox =-5orx =2
Checking,
? hecki
(4+4)( ~4-7)=0 Checking, 2
)(-11) = w (-5 +5)(-5-2)=0
)(=7) = OV

F4)(7-7)20 ©
1)(0) = 0V (2+5)( ) 0
(7)(0) =

(0
(7
(1




Solve each of the following quadratic equations.

. (x+7)(x+1)=0 2. (x+2)(x+3)=0 3. x(x-2)=0

4. x(x-7)=0 5. 3x-3)(4x+2) =0 6. (2x+5)(4x-3)=0
7. x2+4x+3=0 8. x2+6x+5=0 9. x2-6x+8=0

10. x2-8x+15=0 11. x2+x=6 12. x2-x=6

13. x%2-10x = -16 14. x> -11x = -28

Without graphing, find where each parabola crosses the x-axis.

15. y =x?-2x -3 16. y =x%+2x -8 17. y = x% = x =30
18. y =x%+4x-5 19. x> +4x=5+y 20. x2-3x=10+y
Answers
1. x=-7 and x=-1 2. x=-2 and x=-3 3. x=0and x=2
4. x=0 and x=7 5. x=1 and X= -~ 6. x= = and x=>
2 2 4
7. x=-1 and x=-3 8. x=-1 and x=-5 9. x=4 and x=2
10. x=5 and x=3 I1. x=-3 and x=2 12. x=3 and x=-2
13. x=2 and x=8 14. x=4 and x=7 15. (-1,0) and (3, 0)
16. (-4,0) and (2, 0) 17. (6,0) and (-5, 0) 18. (-5,0) and (1, 0)

19. (1,0) and (-5, 0) 20. (5,0) and (-2, 0)



PYTHAGOREAN THEOREM #16
c Any triangle that has a right angle is called a right triangle. The
a two sides that form the right angle, a and b, are called legs, and the
side opposite (that is, across the triangle from) the right angle, c, is
O called the hypotenuse.

b

For any right triangle, the sum of the squares of the legs of the triangle is equal to the square of
the hypotenuse, that is, a2 + b2 = c2. This relationship is known as the Pythagorean Theorem.

In words, the theorem states that:

(leg)? + (leg)? = (hypotenuse)2.

Example

Draw a diagram, then use the Pythagorean Theorem to write an equation or use area pictures (as
shown on page 22, problem RC-1) on each side of the triangle to solve each problem.

a) Solve for the missing side.

. c2 +132 =172
13 c2 +169 = 289

= c2 =120
c = 120
c = 2430
c ~10.95

¢) One end of a ten foot ladder is four feet
from the base of a wall. How high on the
wall does the top of the ladder touch?

> 10
X
— 4 4
x2 +42 = 10?2
x24+16 = 100
x2 = 84
X = 9.2

The ladder touches the wall about 9.2 feet
above the ground.

b) Find x to the nearest tenth:

(5x)2 +x2=202
25x2 +x2 = 400

sl N 26x2 = 400
x2 ~15.4

= X = 15.4
X=3.9

d) Could 3, 6 and 8 represent the lengths of

the sides of a right triangle? Explain.
32 + 6% =82
9 +36- 64
45 = 64

Since the Pythagorean Theorem
relationship is not true for these lengths,
they cannot be the side lengths of a right
triangle.




Write an equation and solve for each unknown side. Round to the nearest hundredth.

6@
B\
8
N

D Q Q
@ Q W2
(N @ O
D;

7
7
14.

X
06
2

Be careful! Remember to square the whole side. For example, (2){)2 = (2x)(2x) = 4x2.

16. 17.
5 10
50
X

2xX

19. 20.

P S
e 16 4x
X

For each of the following problems draw and label a diagram. Then write an equation using the
Pythagorean Theorem and solve for the unknown. Round answers to the nearest hundredth.

21.

22.

23.
24.
25.

In a right triangle, the length of the hypotenuse is four inches. The length of one leg is two
inches. Find the length of the other leg.

The length of the hypotenuse of a right triangle is six cm. The length of one leg is four cm. Find
the length of the other leg.

Find the diagonal length of a television screen 30 inches wide by 20 inches long.
Find the length of a path that runs diagonally across a 53 yard by 100 yard field.

A mover must put a circular mirror two meters in diameter through a one meter by 1.8 meter
doorway. Find the length of the diagonal of the doorway. Will the mirror fit?



26.

27.

28.

A surveyor walked eight miles north, then three miles west. How far was she from her starting
point?

A four meter ladder is one meter from the base of a building. How high up the building will the
ladder reach?

A 12-meter loading ramp rises to the edge of a warehouse doorway. The bottom of the ramp is
nine meters from the base of the warehouse wall. How high above the base of the wall is the
doorway?

29. What is the longest line you can draw on a paper that is 15 cm by 25 cm?

30. How long an umbrella will fit in the bottom of a suitcase that is 2.5 feet by 3 feet?

31. How long a guy wire is needed to support a 10 meter tall tower if it is fastened five meters from
the foot of the tower?

32. Find the diagonal distance from one corner of a 30 foot square classroom floor to the other
corner of the floor.

33. Harry drove 10 miles west, then five miles north, then three miles west. How far was he from his
starting point?

34. Linda can turn off her car alarm from 20 yards away. Will she be able to do it from the far
corner of a 15 yard by 12 yard parking lot?

35. The hypotenuse of a right triangle is twice as long as one of its legs. The other leg is nine inches
long. Find the length of the hypotenuse.

36. One leg of a right triangle is three times as long as the other. The hypotenuse is 100 cm. Find
the length of the shorter leg.

Answers

1. x=10 2. x=30 3. x=12 4. x=21

5. x=12 6. x=40 7. x=16 8. x=20

9. x=6.71 10. x=4.47 11. x=7.07 12. x=99

13. x=8.66 14. x=5.66 15. x=2 16. x=2

17. x=22.36 18. x=3.16 19. x=4.44 20. x=4.33

21. 3.46 inches 22. 447 cm 23. 36.06 inches 24. 113.18 yards

25. The diagonal is 2.06 meters, so yes. 26. 8.54 miles 27. 3.87 meters

28. 7.94 meters 29. 29.15cm 30. 3.91 feet 31. 11.18 meters

32. 42.43 feet 33. 13.93 miles 34. The corner is 19.21 yards away so yes!

35. 10.39 inches 36. 31.62 cm



SOLVING EQUATIONS CONTAINING ALGEBRAIC FRACTIONS

#17

Fractions that appear in algebraic equations can usually be eliminated in one step by multiplying
each term on both sides of the equation by the common denominator for all of the fractions. If
you cannot determine the common denominator, use the product of all the denominators.
Multiply, simplify each term as usual, then solve the remaining equation. For more information,
read the Tool Kit information on page 313 (problem BP-46) in the textbook. In this course we
call this method for eliminating fractions in equations "fraction busting."

Example 1
XX
Solve for x: g t3 = 3
X 2X Y\ _
4535 + ) = 450

458 ) + 45(2) = 135
5x + 18x = 135

23x = 135

_ 135
X =23

Example 2

T G
Solve for x: o +6 =

6x(% +¢) = 6x(8)

6)((25—X ) + 6x(% ) = 48x

15 + x =48x

15 =47x
15

X = —
47

Solve the following equations using the fraction busters method.

1. %w?=5 2
X X
5. 5-5-9 6
7x 3
9. 5-—=-> 10.
13, 2.2 14.
X X
17. 22,21 _5 g
3 6
Answers
1. x=6 7
5. x=30 6
9. x=3 10.
13. x=6 14.

17. x=9 18.

X X
—+—-=1
3 2
x_x_2
3 5 3
2

L _x=4
3

3
-+2=4
X
x_+x+5=4
4 3

6
X =—

5
x=5
x=-12
x=1.5
x=4

3. E+1—6=1 4. §+i=1
X 40 X  3x
X X X X 1

7. 2_4.% 8. -2 ,-
2 3 8 12 3

1, 221 2. 223X _,
8 5 3 3 5

15, 2,621 16 2_ 2 _2
X X X 3x 9

19, x -1 x+3=§ 20. 2-Xx X+ 3
2xX 4x 8 X 3x

3 x=%§ 4 x=6§

7 x =24 8 X=8

11 x =% 12. x=30

B
15. x=2 16. x=3
19. x=-2 20. x=1




LAWS OF EXPONENTS

BASE, EXPONENT, AND VALUE

#13

In the expression 2’ , 2 1s the base, 5 is the exponent, and the value is 32.

2> means 2+2-2-2-2 =32

LAWS OF EXPONENTS

Here are the basic patterns with examples:

x3 means X - X - X

D x* xP=x2*P examples: X xt= 3 =X, 27. 4= 2l
x? 24
2) & —x2-P examples: x10+ x4 = x10-4=65, = = 273 or %
X 2 2
3)  (x¥)P=x?P examples: (x*)? = x* 3 =x'% 2xH*=24x12 = 16x!2
1 2 5
4) x™ =— and %b = xP examples: 3)(_3y2 = 3—3; % = 2)(5y2
x4 X X y
5) x°=1 examples: 5° =1; (2x)° =1
Example 1

simplify: (2xy®)(5x2y*)

Multiply the coefficients: 2 -5- Xy3 -X2y4 = IOxy3 - X7y

Add the exponents of X, then y:

y

2.4

1OX1+2 3+4 = 1OX3y7

Example 2
. 14x2yl2
Simplify:
plity 7x5y7
- . 14:7)x%y!2  2x2y?
Divide the coefficients: ( 5)); A XS y7
Xy Xy

Subtract the exponents: 2);2_5y12_7 = 2x_3y5 OR %

5

Example 3
Simplify: (3 x2y4)3
Cube each factor: 33. (Xz )3 : (Y4 )3 = 27(X2 )3 (y4 )3

Multiply the exponents: 27 x0 y12




Example 4
4.2 -3

Simplify: 3x y“z =

Simplify each expression:

1. y>-y’ 2. b*-b? b2
4 m®
5. (3a) 6. =

)
W
>
i
<«
[

9 !y4!2 10 15x2y7
(v*)

13. (4xy?)(2y)® 14 (%)3
17. (3a2%3) (2ax4) 18, ("y—zyf

3.

1. (4c*)(ac)(3a%) 12.

!2a7!!3a2!

15.

2,8
19. (63’_’(

86 . g2

12x9
4x4

6a3

12x3y7

Write the following expressions without negative exponents.

21. x72 22. y3y?

Note: More practice with negative exponents is available in Skill Builder #21.

Answers
1. y12 2. b°
5. 8la* 6. m>
2 5y?
0. y 10. X—2
5 64
13. 32xy 14. =
12
17. 72a7x!8 18. —
y
21, = 2. L
X y

23.

I11.

15.

19.

23.

X~

x 2

3x°

12268

x10

4y10

)2

4. (y5)2

8. (32
(7x3y5)2

16. (Szin)

2, 00 )

24. (y2)

12.

16.

20.

24.

49x6y10

12503

10.,5



SIMPLIFYING RADICALS #19

Sometimes it is convenient to leave square roots in radical form instead of using a calculator to
find approximations (decimal values). Look for perfect squares (i.e., 4, 9, 16, 25, 36, 49, ...) as
factors of the number that is inside the radical sign (radicand) and take the square root of any
perfect square factor. Multiply the root of the perfect square times the reduced radical. When
there is an existing value that multiplies the radical, multiply any root(s) times that value.

For example:

h =3 5J9=5-3=15
VI8 =J92=49-42 =32 3408 =34J49-2 = 3-742 = 212
B0 =165 = J16 -5 =445 45 +4420 =95 +4J4-5=3S5+4-25=1145

When there are no more perfect square factors inside the radical sign, the product of the whole
number (or fraction) and the remaining radical is said to be in simple radical form.

Simple radical form does not allow radicals in the denominator of a fraction. If there is a radical
in the denominator, rationalize the denominator by multiplying the numerator and
denominator of the fraction by the radical in the original denominator. Then simplify the
remaining fraction. Examples:

o222 Jo o J6 6 3
In the first example, V22 =4 =2 and % = 1. In the second example,

V6 -6 =B6 =6 and%=g.

3

The rules for radicals used in the above examples are shown below. Assume that the variables
represent non-negative numbers.

(D Vx-fy =y @ Jxy =dx-Jy 3) %= B
@) X = (Jx)? = x (5) avx + bx = (a + bWx




Write each expression in simple radical (square root) form.

1. 32 2. 28 3. 4 4. J68
5. 224 6. 590 7. 6132 8. 54200
9. 26342 10. 3J12-243 . % 12. E;)
8.J12 148 2 4
13 2 14, 5% 15, = 16. 7
17. & 18, 2B 19. 243 + 3412 20. 412 - 23
7 . . .

21. 643 + 2427 22. 245 =245 23. 28 - 18 24. 348 - 427

Answers

1. 42 2. 247 3. 346 4. 217 5. 446
6. 15410 7. 12433 8. 5042 9. 1243 10. 36
11. 2 12. 2 13. 8 14. 4 15. 2‘—f
16. 45 17. 23 18. V2 19. 83 20. 643

5

21. 1243 22. 445 23. 2 24. 0



THE QUADRATIC FORMULA #20

You have used factoring and the Zero Product Property to solve quadratic equations. You can
solve any quadratic equation by using the quadratic formula.

-b /b2 - dac

If ax2 +bx+c=0, then x = 3a

For example, suppose 3x2 + 7x - 6 =0. Here a=3,b =7, and c = -6.
Substituting these values into the formula results in:

(7) +\72 - 4(3)(- 6) -7 4121 -7+ 11
X = 2(3) = X= _6 = X = 6
Remember that non-negative numbers have both a positive and negative square root.

The sign * represents this fact for the square root in the formula and allows us to write the
equation once (representing two possible solutions) until later in the solution process.

. . -7+ 11 -7-11
Split the numerator into the two values: X = 5 or Xx= "¢
Thus the solution for the quadratic equation is: X = % or -3.

Example 1 Example 2
Solve: x> + 7x +5 =0 Solve: 6x° + 1 = 8x

First make sure the equation is in standard form First make sure the equation is in standard form
with zero on one side of the equation. This with zero on one side of the equation.

ion is alr in standard form. 2 =
equation is already in standard fo 638;1 _8);3)( o 6x2—8x+1=0
Second, list the numerical values of the —

coefficients a, b, and c. Since Second, list the numerical values of the coefficients

ax> +bx +¢c =0,then a=1, b=7, and a, b,and c: a=6, b=-8, and

c =5 for the equation x> + 7x +5 = 0. c =1 for this equation.

Write out the quadratic formula (see above). Write out the quadratic formula, then substitute the
Substitute the numerical values of the values in the formula.

coefficients a, b, and ¢ in the quadratic

X = ~(-8)xy/(=8)2=4(6)(1)
_7+472 —4(1)(5) - 2(6)

formula, x = 70 .

Simplify to get the exact solutions.

X« = 8x64-24 X = 8+J/40 _ = 8+2410

Simplify to get the exact solutions.

‘= —7+J49-20 o oy —7+J29 12 T I2 12
0 x = 4+J/10 or 4-J10
SO X = T_7+m or T_7_m 6 6

Use a calculator with the original answer to get
approximate solutions.

8+6.32 14.32
X = 12 _="12 = 1.19

Use a calculator to get approximate solutions.

-7+5.39 -1.61
X = 2 = 2 = —081

-7-5.39 -12.39
= P = —6. 20

X = 8-6.32 1.68
2 =~ 7 =~ 0.14

X="T1 = =



Use the quadratic formula to solve the following equations.

1.

3.

11.

13.

15.

17.

19.

x2 +8x+6=0

x2-2x-30=0

7 =13x - x?

X

2o “14x - 12

3x2 +10x+5 =0

52 +5x-7 =0

2x2 +9x = -1

3x =12 = -4%x°

2x2-11=0

3x2 +0.75x-1.5=0

Answers

1.

©o =W

13.
15.
17.
19.

X

X

X

>

~ -0.84 and -7.16
~ 6.57 and -4.57
~ 12.44 and 0.56
=~ -0.92 and -13.08
~ -0.61 and -2.72
~ (.78 and -1.78
~ -0.11 and -4.39
~ 1.40 and -2.15
~ -2.35 and 2.35
~ 0.59 and -0.84

2.

4.

10.

12.

14.

16.

18.

20.

e

12.
14.
16.
18.
20.

x> +6x+4=0
x2-5x-2=0
15x-x* =5
6x = x> +3
2x? +8x+5=0

6x>-2x-3=0

-6x + 6x%> =8
10x> +2x =7
3x2-6=0

0.1x> +5x+2.6 =0

x = -0.76 and -5.24
x = 5.37 and -0.37
x = 14.66 and 0.34
x = 5.45 and 0.55

. X = -0.78 and -3.22

x = 0.89 and -0.56
x = 1.76 and -0.76
x = 0.74 and -0.94
X = -1.41 and 1.41

X = -0.53 and -49.47



SIMPLIFYING RATIONAL EXPRESSIONS #21

Rational expressions are fractions that have algebraic expressions in their numerators and/or
denominators. To simplify rational expressions find factors in the numerator and denominator
that are the same and then write them as fractions equal to 1. For example,

6 x2 (x +2) (3x-2)
6 =1 2 =1 x+2) =1 Gx-2) =1

Notice that the last two examples involved binomial sums and differences. Only when sums or
differences are exactly the same does the fraction equal 1. Rational expressions such as the
examples below cannot be simplified:

(6 +5) x3+y X 3x-2
6 X3 X+ 2 2

Most problems that involve rational expressions will require that you factor the numerator and
denominator. For example:

12 2243 2 ) 2 3
34 =7%333 =0 Notice that 5 and 3 each equal 1.
6x3y?2 2¢3ex2ex0y?2 2X . 3 x2 y?
T5x2yd = 532 . Viy? = 5y2 Notice that 7, 2 andy—z = 1.
X2 -x-6  (x+2)(x-3) x+2 X -3
5 = = where = 1.
Xx“=-5x+6 (x-2)(x-3) x-2 X -3

All three examples demonstrate that all parts of the numerator and denominator--whether
constants, monomials, binomials, or factorable trinomials--must be written as products before
you can look for factors that equal 1.

One special situation is shown in the following examples:

£=_1 i=_1 —x—2= —(x+2)=_1

2 X X+2 X+2 X =5 Xx-5

Note that in all cases we assume the denominator does not equal zero.




Example 1
3h-2)2
Simplify: (‘”;—4)

Rewrite the numerator and denominator without
negative exponents and parentheses.

Example 2
oo, 2x2-13x -7
Simplify: N

To simplify some rational expressions, the
numerator and/or denominator may need to be
factored before you may simplify the expression.

(a3b—2 )2
—_

abb—4
a a?

a0

a‘b?

2x2-13x-7
X2 —4x-21

2x+1)(x=7)

X=D(x+3)

Then look for the same pairs of factors that
equal one (1) when divided. Writing out all of
the factors can be helpful.

a-a~a'a-a~a'b =1-1-1-1- b'a:a'b

araraa‘b'b-

Then look for the same pairs of factors that equal
one (1) when divided.

2x+D)(x=7) 2x+1

2x+1
(x+3)(x-7) X+3

=3 forx #-3 or7.

1=

Write the simplified expression with exponents.

(@%b2) a2

Note that Z_F(::;) =1.
7 =b—4,b¢0. Note tha §=1.

a

Simplify the following expressions. Assume that the denominator is not equal to zero.

! 12X2y4 2 10ab8 3 (X5y3)3 4 (a5)2
T 3x%y? " 40a%b? ' x'%y Toabpo
(5x3)%y3 3(a3)5b 4ab-5 2x 38
5. ——— 6. —— 7. —=— 8.
10xy’ (3a*)’ b0 ash 4x72
9 ()(8y‘3)‘2 10 2)<3y‘l 11 2x-1)(x+3) 12 (5x-1)(x+2)
' ) " 6(dx)2y] T =) © (x+D(Gx-1)
3x+1 x2-x=20 3x=6 2x2-x-3
13, ———— 14, =——= 15, ———— 16. &=——===
3x%+10x +3 x=5 x2+4x-12 10x 15
3x2+x-10 x2 —64 4x2 -x 2x3 +2x2-12x
17. =5——— 18, ————— 19. —/——— 0. =—=—=—==
X2 +6x+8 X2 +16x+64 4x3 +11x% -3x 8x2-8x-16
Answers
4po x15y9 3.8
1. 4 2. & 3. = X
y il X2y y
4 all _ 1 5 25X6y3 _ 5x3 6 3alb _ a3
al®b® — a’pd 10xy” — 2y° " 27a%b!0 T 9p’
7 4a 4 g 2% _ ¥ 9 X% _ ¥
a8b6 - a7b6 4X3 - 2X . X2 - X18
32x5 _ 16x° 2x -1 X+2
10. 6y8 = 3y8 11. == 12. X7
3x+1 1 (x-5)(x+4) 3(x-2) 3
13. x+3)3x+D = 3X+3 14. X=5 =x+4 15. (Xx-2)(x+6) = 3X+6
L6, @xDGHD _ xal 17 Gx=5)(+2) _ 3x-s 18, CBXx-B) _ x_s
) 5(2x-3) ~ 5 o (x+4)(x+2) T x+4 © (x+8)(x+8) T x+8
x(4x-1) 1 20 2x(x+3)(x=-2) x(x+3) x2 +3X

19. ST DD = 363 Rx-)(x71) = A(x%1) = 4x+4



MULTIPLICATION AND DIVISION OF RATIONAL EXPRESSIONS #22

To multiply or divide rational expressions, follow the same procedures used with numerical
fractions. However, it is often necessary to factor the polynomials in order to simplify the rational
expression.

Example 1

x2+6x X“+7x+6
(x+6) x> -1

2

Multiply and simplify the result.

X(x+6)  (x+6)(x +1)
(x+6)(x+6) (x+1)(x-1)

After factoring, the expression becomes:

xX+6) x+6) _x  (x+1

After multiplying, reorder the factors: x+6) i 6 oD &t D
. (x+6) (x+1) . . X4 X
Since (x+0) =1 and (xe)) 1, simplify: 1-1 — I = 1

Note: x#-6,-1,0r 1.

Example 2

2 2
.. -4x -5 -2x-15 . .
Divide X2 LIty X2 X and simplify the result.
X" —-4x+4 X" +4x-12

First, change to a multiplication expression by x2 —4x-5 x2+4x-12
inverting (flipping) the second fraction: x2 -4x+4 x2-2x-15

5)(x+1) (x+6)(x—2)
x-2)(x- ) (x=5)(x+3)

After factoring, the expression is:

(x-
(
Reorder the factors (if you need to): Ez 2; E z; ((;:j;)) Ei:g;
. (x—S) _ (x—2) _ . e (x+1)( )
Since (x=5) =1 and xo2) " 1, simplify: —(X 2)x+3)
Thus, 2-dx-5 x2-2x-15 _ (x+1)x+6) M Note: x #-3,2,0r5.

x2 -4x+4  x2+4x-12  (x-2)(x+3) X2 +x-6

Multiply or divide each expression below and simplify the result. Assume the denominator is not
equal to zero.

1 3x+6 . _x+4 o) 8a__ a+4
' 5x x%42x " oal-o1e 4
2.1 2 x2-x=12 X
3. A= .= 4, +F—5—= —==
3 x% —x x2 x—4
5 x2-16 . x2-3x-18 6 x2+6x+8 . x2-5x+4

(x-4)? x?-2x-24 "o x%2-4x+3  5x+10




7 x2 -x -6 . x2+6x+8 8 x2-x=30 . x2+11x+24
2 _ 2 o _ . 2 2 _
X“-x-20 x“-x-6 Xx“+13x+40 x“-9x+18
3x+12 . x+4 2a+6 ., a+3
9 x2 X 10. 3_377
11 J8=5x . __5x 1o, Ix+119 . _ 9x-1
) ) ) T2
X“-x-6 X“+6X+8 X“+5x-14 X“=-3x+2
x2+8x . x2-64 x2 -1 L x3+x2-2x
13. Ox 32 14. 7 ox " ——
15 2x2-5x-3 |, 4x2+4x+1 16 x2+3x-10 , x2-4x+4
T 3x%-10x+3 | 9x% -1 T X2 43x 4x+12
17 x2-x-6_ . x2+2x-15  x2+4x-21 18 3x2+21x . _x2-x__.4x%2-9
" x243x-10 x2-6x+9 x*+9x+14 T x2-49  6x°-9x2 I3x-3
19 4x34+7x-2x . 4x2+15x-4  _x%2+9x 20 10x2-11x+3  x2+11x+28 . _ x+7
2x2-162 ~  12x-60 42 _34x_10 x2—6x-40 2x2-x  2x%-20x
Answers
3(x+4)  3x+12 2a 2(x+1)  2x+2
L 5x2  5x2 2. 337 3. 3x . 3x
4 X + 5 (X+3) 6 (X+4)(X_4) _ X2—16
X C(x=4) : 5(x-3) = 5x-15
(x +2) (x +3) 3
7. (x=5) 8. (x-3) 9. X
2 -(x+4)  _x-4 17(x-1) _ 17x-17
10. a? 1. X - X 12. =7 = 5%
SR ! Gxtl)
13. 5%y = -2 14 = 15 &xm
4(x+5)  4x+20 (x-3) 2x+3 2x+43
16. = 17. =
x(x=-2) T x2_97x (x- 18. 3(x-7) 3x-21
6x2 _ 6x2 ) 2(5x-3) -1 a
9. 5o+ H = o5y 36 0. = Ox-6



ABSOLUTE VALUE EQUATIONS #23

Absolute value means the distance from a reference point. In the simplest case, the absolute value
of a number is its distance from zero on the number line. Since absolute value is a distance, the
result of finding an absolute value is zero or a positive number. All distances are positive.

Example 1 Example 2
Solve 2x + 3| = 7. Solve 2|2x + 13| = 10.
Because the result of (2x + 3) can be 7 or -7, First the equation must have the absolute value

we can write and solve two different equations.  isolated on one side of the equation.
(Remember that the absolute value of 7 and -7

will be 7.) 22x +13|=10 = Px+13|=5
2x+3=Tor 2x+3=-7 Because the result of 2x + 13 can be 5 or -5,
2x =4 or 2x = -10 we can write and solve two different equations.

X=2 or x =-5 2x +13 =5 or 2x +13 =-5
2Xx = -8 or 2x = —-18
x=-4 or x =-9

Note that while some x-values of the solution are negative, the goal is to find values that make the
original absolute value statement true. For x =-5 inexample 1, 2(-5)+3| =7 = |10 +3| =7

= |7 = 7, which is true. Verify that the two negative values of x in example 2 make the original
absolute value equation true.

Solve for x.

1. x +2| =4 2. 3x| = 27 3. [k -5|=2

4. x -8 =2 5 £-2 6. |-3x| = 4

7. Bx + 4| =10 8. 12x - 6] =6 9. [x|+3 =120

10. |x|-8=-2 1. 2)x|-5-= 12.  4k|-5=7

13, [k+2/-3=7 4. [k+5|+4=12 15, pRx-3+2=11
16. -3k|+5=+4 17.  3k+6/+12=0 18. 15-|x+1|=3

19.  14+23x+5=26 20. 4Kx-10-23 =37



Answers
1. x=2,-6
5. x=10,-10

9. x=17,-17
13. x=8,-12
17. x=-2,-10

10.
14.
18.

12.
16.
20.

x=10,6
x=1,0

x=3,-3
x=3,-3
x=25,-5



USING ELIMINATION (ADDITION) TO FIND
THE POINT OF INTERSECTION OF TWO LINES

The elimination method can be used to solve a system of linear equations. By adding or
subtracting the two linear equations in a way that eliminates one of the variables, a single variable

equation is left.

#24

Example 1
. X+2y =16
Solve: x+y=2

First decide whether to add or subtract the
equations. Remember that the addition or
subtraction should eliminate one variable. In

the system above, the x in each equation is
positive, so we need to subtract, that is, change all
the signs of the terms in the second equation.

X +2y =16
—(x+y=2) =

16

X +2y =
y=_2:>y=l4

Substitute the solution for y into either of the

original equations to solve for the other
variable, x.

x+2(14)=16 = x =-12
Check your solution (-12, 14) in the second

equation. You could also use the first equation
to check your solution.

“12+14=2 = 2=2V

Example 2
Solve: %;: j2§ : 1_02

Sometimes the equations need to be adjusted by
multiplication before they can be added or
subtracted to eliminate a variable. Multiply one or
both equations to set them up for elimination.

Multiply the first equation by 3:
3(2x +3y) =10(3) = 6x +9y =30

Multiply the second equation by -2:
2(3x-4y)=-2-(-2) = -6x+8y=4

Decide whether to add or subtract the equations
to eliminate one variable. Since the x-terms are
additive opposites, add these equations.

6x + 9y = 30
-6x+8y= 4
17y = 34 so y=2.

Substitute the solution for y into either of the
original equations to solve for the other variable.

x=2+

Check the solution (2, 2) in the second equation.
3(2)-42)= 2 = 6-8=2 = -2=22

2x +3(2) =10 = 2x=4 =



Solve each system of linear equations using the Elimination Method.

1. x+y=-+4 2. 3x-y=1 3. 2x+5y=1
X +2y=13 2x+y=2 2x—-y=19
4, x+3y=1 5. x=5y=1 6. 3x-2y=-2
2x + 3y =-4 Xx—4y=2 5x =2y =10
7. x+y=10 8. x+2y=21 9. 4x+3y=7
15x + 28y =176 Ox + 24y =243 2x =9y =35
10. 2x +3y =0 11. 7x -3y =37 12. 5x -4y =10
6x — S5y =-28 2x —y=12 3x-2y=6
13. x-T7y=4 14. y=-4x+3 15. 2x -3y =50
3x+y=-10 3x + 5y =-19 7x + 8y =-10
16. 5x + 6y = 16 17. 3x + 2y = 14 18. 2x + 3y =10
3x =4y +2 3y =-2x+ 1 S5x -4y =2
19. 5x +2y=9 20. 10x +3y =15
2x +3y=-3 3x -2y =-10
Answers
1. (-7,3) 2. (3,8 3. (8,-3) 4. (-5,2)
5. (6,1) 6. (6,10) 7. (8,2) 8. (3,9
9. 4,-3) 10. (-3,2) 11. (1,-10) 12. (2,0)
13. (-3,-1) 14. (2,-5) 15. (10, -10) 16. (2,1)

17. (8,-5) 18. (2,2) 19. (3,-3) 20. (0,5)



SOLVING INEQUALITIES #25

When an equation has a solution, depending on the type of equation, the solution can be represented
as a point on a line or a point, line, or curve in the coordinate plane. Dividing points, lines, and
curves are used to solve inequalities.

If the inequality has one variable, the solution can be represented on a line. To solve any type of
inequality, first solve it as you would if it were an equation. Use the solution(s) as dividing point(s) of
the line. Then test a value from each region on the number line. If the test value makes the inequality
true, then that region is part of the solution. If it is false then the value and thus that region is not part
of the solution. In addition, if the inequality is = or < then the dividing point is part of the solution
and is indicated by a solid dot. If the inequality is > or <, then the dividing point is not part of the
solution and is indicated by an open dot.

Example 1 Example 2

Solve x2 -2x +2 <5
Solve -2x -3 =x+6

Solve the equation

Solve the equation 2 _
2x -3 =x+6 TEez=s
2x =x+9 X7 -2x-3=0
(x=-3)(x+1)=0

3x=09
x=3 or x=-1

x=-3

Draw a number line and put open dots at x =3
Draw a number line and put a solid dot at and x =-1, the dividing points.
x = -3, which is the dividing point. - o o >

- ® > -1 3
3

Test a value from each region in the original
inequality. Here we test -3, 0, and 4.
Test a value from each region. Here we test -4

and 0. Be sure to use the original inequality. e o Twe o False |
-1
< True False X = -3 X =0 3 X =4
-3 (-3)%-2(-3)+2<5  (0)?-2(0)+2<5 (4)*-2(4)+2<5
x = -4 x =0 17 < 5 False 2 <5 True 10 < 5 False
-2(-4)-32—-4+6 -2(0)-3>0+6
5> 2 True -3 > 6 False The region(s) that are true represent the solution.

_ . The solution is the set of all numbers greater
The region(s) that are true represent the solution. than —1 but less than 3, written: —1 < x < 3.

The solution is —3 and all numbers in the left
region, written: x <-3.

If the inequality has two variables, then the solution is represented by a graph in the xy-coordinate
plane. The graph of the inequality written as an equation (a line or curve) divides the coordinate plane
into regions which are tested in the same manner described above using an ordered pair for a point on
a side of the dividing line or curve. If the inequality is > or <, then the boundary line or curve is
dashed. If the inequality is = or <, then the boundary line or curve is solid.



Example 3

Graph and shade the solution to this system of inequalities {y =3X ‘V
y>5-Xx
Graph each equation. For y = % x the slope of the solid line \

M L
is % and y-intercept is 0. For y = 5 — x the slope of the =gl
dashed line is —1 and the y-intercept is 5. B 7 > \

>~
Test a point from each region in both of the original inequalities.
©,2) (2,0) 4,5) G, D
False in both True in first, False in first, True in both
False in second True in second
i
The region that makes both statements (inequalities) true is
the solution. .
.. . R 2 x 7.
The solution is the region below the solid line y = RS e :;
and above the dashed line y = 5 - x. T Wi‘ x
e
Solve and graph each inequality.
1. x+412=22x-5 2. -16+4x>10-x 3. T7x-2x-x=224+3x
4. 3(x-4)-9x=2x-4 5 k-1<5 6. Kk+10|>5
7. h2x| =24 8. [l<8 9. x2+3x-10=0
10. x?>-7x+6>0 1. x?>+2x-8=<7 12. x?-5x-16> -2
1
13, y<2x+1 14. ys—§x+3 15. yZZX—Z
16. 2x-3y =<5 17. y=-2 18. -3x-4y>4
19. ys—;x+23ndy>—%x—l. 20. ys—%x+4andysl3x+3
21. y<3andys—%x+2 22, x<3andy<2x-4
23. ys=x>+4x+3 24. y>x>-x-2
Answers
16 17 18 4 5 6 23 24 25
x =17 X > 54 X =24



0 24

24
24 <x <24

2
X <=2

10, <~ o>

X =2 or

12.

2
X<-2 or x>17

6
X>6
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x <1 or
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ADDITION AND SUBTRACTION OF RATIONAL EXPRESSIONS #26

Addition and subtraction of rational expressions is done the same way as addition and subtraction
of numerical fractions. Change to a common denominator (if necessary), combine the

numerators, and then simplify.

Example 1

The Least Common Multiple (lowest common
denominator) of (x + 3)(x +2) and (x +2) is
x+3)x +2).

The denominator of the first fraction already is

the Least Common Multiple. To get a common
denominator in the second fraction, multiply the

fraction by % , a form of one (1).

Multiply the numerator and denominator of the
second term:

Distribute in the second numerator.

Add, factor, and simplify. Note: x # -2 or -3.

Example 2

Subtract % - % and simplify the result.

Find the lowest common denominator of (x — 1)
and (x —2). Itis (x — 1)(x - 2).

In order to change each denominator into the

lowest common denominator, we need to multiply

each fraction by factors that are equal to one.

Multiply the denominators.
Multiply and distribute the numerators.

When adding fractions, the denominator does
not change. The numerators need to be added
or subtracted and like terms combined.

Check that both the numerator and denominator
are completely factored. If the answer can be
simplified, simplify it. This answer is already
simplified. Note: x # 1 or 2.

4 + 2x
(x+2)(x+3) x+2

4 + 2x  (x+3)
(x+2)(x+3) x+2 (x+3)

4 + 2x(x+3)
x+2)(x+3)  (x+2)(x+3)

_ 4 N 2x%+6x
T (x+2)(x+3) | (x+2)(x+3)

2x2+6x+4  2(x+D(x+2) _ 2(x+])
(x+2)(x+3)  (x+2)(x+3)  (x+3)

(x=2) 3 __2  (x-1)

(x-2) x-17 (x=2) (x-1)
3(x-2) 2(x-1)

(x=2)(x-1) = (x=-2)(x-1)
3x=6 2x=2

(x-2)(x-1) — (x-2)(x-D

3x-6-(2x-2) 3x—6-2x+2

-4
GG = =D = =D

x-4 _ x—4
(x=-2)(x-1) = x2_3x42




Add or subtract the expressions and simplify the result.

X 2 X 4
L o * D) 2 Trem Y T ens
b2 -9 4 2a 2
3. b24+2b-3 + b242b-3 " a?+42a+l a’+2a+l
x+10 , x-6 a+2b , 2a+b
5. X +2 X+2 6. a+b T a+b
7 3x-4 _ 2x-5 8 3x ___ 9
© 3x+3 3X+3 o 4x-12 7 4x-12
9. 6a _ _a-1 x2+3x-5 _ x2-2x+10
5a2+a Sa’+a 10. 10 10
6 2 5 3
11. X(X+3) t 353 12. x—7 Yt I(x=7
5x+6 5 2 x-4
B3 227 -% S T
15 10a _ 3 16 3x 2

2x2-8x * (x-4)

5x+9 6 X +4 xX-=35
17. + 18. -
x2-2x-3 X2 ~Tx+12 x2-3x-28 xZ+2x-35
19. 3x+1  _ 3x+45 20. Ix-1 _ _ 6x
x2-16 X% +8x+16 x2-2x-3 X2 —x-2

Answers

1 L 2. o e 4

5.2 6. 3 7. % 8

9. 1 10. %33 1. 2 12.

13, X% 14, — 15, (aﬁ?j 16. 5527y =
17 SG+2) 5x+10 18. 14 14

(X_4)(X+1) = X2—3X—4 (X+7)(X—7) = X2—49

19, 4(5x+6) 20. X+2 X +2

(x —4)(x+4)? X3)X-2) = 2_3x+6



SOLVING MIXED EQUATIONS AND INEQUALITIES

#27

Solve these various types of equations.

. 2(x-3)+2=-4
4, 0=2x-5

7. 0=(2x-5x+3)
10. 2x+1=7x-15

13. X2 +5x+6=0

16. x2-4x =0

19. x2+7x+9=3

x__5
22'x+1 7
25. 3x+y=5

x-y=11
28. |x|=4

31. 3x+5y=15
(solve for y)

34. x+2)x+3)x-4)=0
37. 2x+3y= 13
x- 2y=-11

-1 _ 3
5 T x4+ 1

43. \3x-1 +1=7

40. %

2.
5.

11.

14.

17.
20.

23.

26.

29.

32.

35.

38.

41.

44,

6-12x =108

y=2x-3
x+y=15

22x-1)=-x+5

12.

15.

18.

21.

24.

27.

30.

33.

36.

39.

42.

45.

3x-11=0
ax-b=0

(solve for x)
X2+ 5% =132

2x-3y+9=0
(solve for y)

Xx-y=7
y=2x-1

=2

+

ST
W

32+ 7x+2=0
1 1
;+§=2

3x2 = 8x

X% -4x =5

y=11
y=2x>+3x-9

2x +3)=y+2
y+2=28x

1-

|
ENE

202x-1]|+3=7

4x - 1
X -1

=x+1



Solve these various types of inequalities.

46.

49.

52.

55.

58.

4x -2<6
3x+2)=-9
|x|>4
2x%-4x> 0

|2x-1]|<9

Answers

1.
5.
0.

13.
17.
21.
25.
29.
33.
37.
41.
45.
49.
53.

57.

0

(6,

9)

+ 12

4,

7

24

(=4,11) and (%,11)

(-1
12

=)

10.
14.
18.
22.
26.
30.

38.
42.
46.
50.
54.
38.

47.

50.

53.

56.

59.

x>2 or X< -

4<x<5

4-3x+2)=19

2 51.

-§X<6

x2-6x+8<0
2
y < —§X+2

5-3x-1)=z-x+2

11. 3
15. (-6, -13)
19. -1.-6

23. 3

27. 0,3

31. y=%x+3

35. 2,-14

39. 1,5

43. 3

47.

51. below
8 55.

x=<0 or x=2

59. x<3

54.

57.

60.

12.
16.
20.
24.
28.
32.
36.
40.
44.
48.
52.
56.

60.

NI |

x>4, x<-4
below

below



56.

51.
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